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Abstract 

We study the possibility of constructing non-BPS charged black holes in 5D Poincare 
supergravity by partially violating superconformal Killing spinor equations. However, so- 
lutions to these modified first order equations are inconsistent with the second order equa- 
tions of motion beyond the near horizon region. Instead we find, for special prepotentials, 
that the consistent asymptotically fiat extension of the non-BPS near horizon solution is 
generated by a symmetry transformation that leaves the two-derivative action invariant. 



February, 2009 



^ akhill37@ucla.edu 



1. Introduction 



Black hole solutions to supergravity theories coupled to scalar and vector fields have 
played an essential role in various aspects of string theory, allowing a greater understanding 
of black hole entropy. Using the attractor mechanism, [|l| argued for the consistency 
between microscopic and macroscopic entropy of extremal black holes, both BPS and non- 
BPS. The attractor mechanism, initially discovered for supersymmetric (BPS) black holes 
and later found to hold more generally for extremal BPS and non-BPS black holes 
1^, determines the near- horizon values of scalar fields and black hole entropy solely in 
terms of the electric and magnetic charges but independently of the asymptotic values of 
the scalar moduli. 

Although both BPS and non-BPS extremal black holes display the attractor mecha- 
nism, explicit BPS solutions, beyond just the near horizon region, are much easier to find 
as they are determined by solving first-order equations associated with the vanishing of 
fermionic variations of the supergravity theoryl. Due to the relative difficulty of solving 
second order equations of motion, any method to obtain explicit non-BPS black holes 
would be a welcome substitute. 

In four- dimensional Af = 2 supergravity, first order equations of motions and the 
conditions for existence of first-order equations were given in , for a special class of both 
BPS and non-BPS stationary extremal black holes. Subsequently, first order equations were 
also derived for d = 4, J\f > 2 theories in |]^. In first-order equations for these extremali 
black holes are obtained by rewriting the effective one-dimensional action as a sum and 
difference of squares, which is possible when the scalar manifold is a symmetric space after 
timelike dimensional reduction. Demanding the vanishing of each individual term in the 
sum of squares effective action, results in first order equations of motion describing the 
radial evolution of scalars in terms of the metric on moduli space and the Abelian charges 
of the black hole. For an alternative approach to certain non-BPS stationary solutions 
(including multi-center solutions) in four dimensions, see and references therein. In 



five dimensions, []Tl| give an algorithm to construct stationary non-BPS black holes with a 
Gibbons-Hawking base space, which are locally BPS, but contain a global obstruction to 
being supersymmetric. This approach, however, seems unable to describe asymptotically 
fiat five dimensional non-BPS black holes. 

In this note we will consider an alternative approach to finding non-BPS black holes in 
5D using the superconformal formalism. The superconformal approach to 5D supergravity 
has allowed the construction of an action with a certain four-derivative term and its su- 



^ In the presence of higher-derivative corrections, one may need to additionally solve a second 
order equation of motion H]. 



^ The method in [^] also considers non-extremal solutions. 
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persymmetric completion |T^. Various supersymmetric solutions to this higher-derivative 
theory have been found and implications for black hole entropy and the AdS/CFT corre- 
spondence have been analyzed [|T3i |6|, [T^ , |T5| . For a review of this approach see Jl^. However, 
non-supersymmetric, i.e. non-BPS, solutions to these higher derivative corrections have 
remain elusive thus far. The advantage of the superconformal approach is that even in the 
presence of higher derivative corrections, the Killing spinor equations remain first-order 
(in contrast to the Noether procedure for constructing higher derivative corrections, see 
e.g. and thus BPS solutions are tractable. 

In |T^ a solution was found to the near-horizon equations of motion (i.e. using Sen's 
entropy function formalism []5|) and it was noticed that this solution violated the killing 
spinor equations, i.e. would be a non-BPS solution. It is suggestive then to consider 
whether violating a subset of the Killing spinor equations of the superconformal formalism 
while satisfying others, allows for consistent non-BPS solutions of the Poincare supergrav- 
ity. Instead, we find that the non-BPS configuration of [|T5[, when derived by selectively 
violating some of the Killing spinor equations, is not a consistent asymptotically flat solu- 
tion to the two-derivative theory, although it is consistent with the equations of motion in 
the near-horizon region. In the case of a special prepotential (e.g. by reducing M-theory 
on K3 X T^), there does exist a consistent asymptotically flat non-BPS solution which 
reduces to the conflguration of fl^ in the near-horizon limit. However this non-BPS solu- 
tions is generated by a transformation that leaves the two-derivative action invariant, not 
by partially violating the Killing spinor conditions. 



2. Near Horizon Solutions 

We follow the conventions in 0. The superconformal theory contains a Weyl, ny 
vector, and 2r hyper multiplets. The flelds in the Weyl multiplet are the vielbein e^, a 
two-form auxiliary fleld Vab, and an auxiliary scalar D. The flelds in the vector multiplet 
are the one- form gauge fleld and a scalar , where / = We will not 

encounter the hypers, as they are only used to gauge flx the dilation symmetry, after 
which the two-derivative off-shell action becomes 

Co = -Id-^R + v'+m(Id-\r + 3vA + 2Ujv'^'Fi, 

The geometric data cjjk are the intersection numbers of the Calabi-Yau three-fold on 
which 11-D supergravity is reduced and deflne the functions on the scalar manifold 

N=^cukM'M-'m'', Ni = ]^cijkM-'m'^, Mu = cukM''- (2.2) 
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The advantage of the superconformal formahsm is that the supersymmetry variations of 
the theory are independent of the action and thus BPS solutions are tractable, even in 
the presence of higher derivative corrections to . We consider the following modified 
hyperino variation 

5C = {S-l){^-v)e'A?, (2.3) 

whose vanishing leads to the following conformal-SUSY spinor (parameter of conformal 
supersymmetry) 

V' = ^h-v)e\ (2.4) 
It will be useful to define another parameter 

a = 2.5 

3-25 

to distinguish the BPS solutions of [Q, which take the values 5 = 1 or equivalently a = +2, 
from the non-BPS near-horizon geometry of [|18[, which have iS = 3 or equivalently a = —2. 
In the rest of the note we will determine which values of S are allowed in the hopes of finding 
non-BPS asymptotically flat black holes without directly solving second-order equations 
of motion. 

The remaining supersymmetry variations are 

Sn^^l-^j.F'- - ■ j e , (2.6) 

8x=\D- 2-f-r'l^aVbc - 27"ea6cde^'^^"^ + ■ v)^ 

where the gaugino index takes I = 0, . . . ,nv- Before seeking asymptotically flat black hole 
solutions to (p.l|) we consider the near horizon region with the following AdS2 x S'^ ansatz 



1^ 



ds^ = V, xV -%-]+ v,dnl ^R= 

V / V1V2 

Fi{x) = -e', vtr{x) = V (2-^^ 

M^{x) = M^, D{x) = D, 

where R is the Ricci scalar, and when substituted in the action ( |2.1| ) leads to the entropy 
function 

/o = ]v^W+mvi - V2) - 4V\3M+l)'^ 

^ (2.8) 
+ SVAfie^— - Mije^e^— + D{J\r - l)viV2]. 

Vl Vl 
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The equations of motion are 
dfo 



dD 
dfo 



Af- 1 = 

8A/}e^-81/(3A/'+l) =0 



?X (2.9) 

^ ~ 3(Ar + 3) - ^ (-4V\3Af + 1) + SVAfie' - Afije'e-") = 

OVi v( ^ ' 

^ ~ 6(^;i -V2)- — (16^2 _ %yMie' + A/}je^e^) = 0, 

where the last two equations are not independent. Solving the first gives the special 
geometry constraint Af = 1 and the second gives V = l/4A//e^. Using these and adding 
the second and third equations in (PTP|), we arrive at 

16?;? - 4t;it;2 = 0, (2.10) 

which implies V2 = 4vi and fixes the relative scales of the near- horizon geometry ( |2.7| ). By 
seeking asymptotically fiat solutions to ( p^) , we will see that (|2.10|) restricts the allowed 
valued of a. 



3. Asymptotic Region 

Let us attempt to find asymptotically fiat black holes solutions by requiring (|2.6|) to 
vanish. A priori, there is no reason to find non-BPS solutions by solving this modified 
system of first order equations. There are certain non-BPS black holes in 5D that can be 
found from first order equations (see for example and references therein). The steps of 
the calculation are similar to 0. 

3.1. Gravitino Variation 
Consider the ansatz 

and solve the first equation in (|2.6|) di/ju = 0, which gives 



Ui = ^U, U2 = U, vu = ^{l + a)e''''d,U. (3.2) 
We can find the near horizon geometry by setting e^^ = 72 in which case we have 

' 9 \ / 9 \ —1 

,2 _ / ' \ j,2 / ' \ jJ2 nljc^l 



ds'=\j^) dt'-\-^] dr'-iidni. (3.3) 
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For general a, the following change of coordinates 

r2 = (a)-2/a (4)2+2/« (^)-2/'5, 

gives rise to a AdS2 x S"^ geometry with arbitrary relative scale 

e2 



(3.4) 



(3.5) 



To bring ( |3.5|) into the form used in the entropy function of we can again change 
coordinates, z'^ = ^^/p^, followed by rescaling, p = IgX and t — £sT, which gives us the 
metric ^ 

ds^ = ^(x^dr^ - -\dx^) - iUnl (3.6) 
x^ 

and comparing to the near- horizon ansatz (|2.7| ), we have = ^l- Recall that in the 
near-horizon analysis of the previous section, the equations of motion (entropy function) 
resulted in (|2.10|) , fixing the relative scale of AdS2 and S^. The near- horizon restriction of 
V2 — 4^1 translates into a = ib2 as the only allowed values. These two special values of a 



are the ones considered in [|T^, and each with an appropriate change of coordinates from 



Iz 

(5 = — 2 , = IgZ. 

3 



(3.7) 



results in the same extremal AdS2 x S near-horizon geometry 



ds^ = -%{dt^ - dz^) ^2 ^^2 

42;2 



(3. 



We can also check the near-horizon values of the auxiliary two-form by noting the general 
result from the time component of Si/^t = (assuming v"^^ = for a spherically symmetric 
solution) 



4 5ef' 

and using the spin-connection for the near horizon geometry 



(3.9) 



ti 



-r. 



(3.10) 



After converting to coordinate frame and using the notation of [|T^, we arrive at the near 
horizon result 

3aA^ 3£s 

vti = = 3.11 

4S 8S ^ ^ 
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3.2. Auxiliary Fermion variation 

Solving the last variation in (|2]^), we get the equation for the aiixiliary scalar 

D = {1 + a)e^^ {V^U - 2(1 + a){VUf) . (3.12) 



To get the near horizon value, note that the covariant derivative of Vab in ( |2.6| ) must vanish 
in the extremal background and thus the only remaining term is ~ 5(7 ■ f)'^ which scales 
with S just like Vab in ( |3.11| ). Given the vanishing covariant derivative, the remaining 
terms in the last equation of ( p.6|) imply 



^ = -^(7 • vf = -^Vf,Vi, = (3.13) 



which agrees with both the BPS and non-BPS near horizon values of [|T8 . 

Summarizing the results so far, we see that the asymptotically flat ansatz ( |3.1| ) and 
vanishing of the modifled variations ( p.6|) lead to the full radial dependence of the auxiliary 



two- form (|3.2|) and auxiliary scalar (|3.12|) , whose near-horizon limits are ( |3.11|) and ( |3.13| ) 



respectively. By taking into account the restriction on the relative scales of the near- 
horizon AdS2X S"^ geometry ( |2.10| ), we are only allowed a = 2 (i.e. 5 = 1) or a = —2 (i.e. 
5 = 3), leading to the two choices of near-horizon flelds deflned in (|2.7|) 



3 3 

+2 ^ V2 = Avi, D = , V = -Jv{ 

v\ 4 

1 1 ^ 

a = -2^V2=^vx, D = , V = -Jvl. 

vi 4 



(3.14) 



In []T^ the near-horizon conflgurations ( |3.14| ) were found in the restricted case of the STU 



prepotential (i.e ny = 3 and M = M^M'^M^), whereas here we have not assumed any 
restriction on the geometric data cjjk- 

3.3. Gaugino Variations 

If we try to similarly solve the second equation in ( |2.6|) for all values of the index / of 
the gaugino variation, we will flnd an inconsistency with the EOM for the auxiliary fleld 
Vah- We can show this generally by considering the linear combination 

Mi5Vt^ = 7 ■ (^^MiF^ - Sv^ e. (3.15) 

If we were now to assume that 50^ = for all values of the index / then the above linear 
combination would identically vanish and force us to have 

Sill ^ Q^^^^ _ _l^MjFl^,, (3.16) 
45 
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which is only consistent with the EOM for Vab when S = 1 { i.e. when the hyperino 
variation in (p.3| ) is zero). To find non-BPS solutions we thus have to ensure that not all 
the variations of the gaugino are identically zero. Let us simply take 

50° ^ 0, Sn^ = 0, (3.17) 

where / = 1, . . . , ny- At the same time, we ensure that the EOM for the auxiliary two- form 
is satisfied, i.e. Vab = ~\^iF!ib- This will allow us to solve for all the gauge fields. 

Again consider the linear combination of ( p.l5|) , in which the left hand side becomes 



simply MqSVP due to (|3.17|) . Thus our result for the non- vanishing gaugino variation is 

(iMiF'-Sv) 

(50° = 7-^ T7 (3.18) 

' Mo ^ ^ 

Solving the vanishing variations in (|3.17| ), we have 

F/; = a,(e^^M^'), (3.19) 
which we can use to solve the non- vanishing variation in ( |3.17|) , resulting in 

^ 6(1-5) ^^^a^ a,(e'^^M«) 

3-25 Mo ^ ^320) 

= (2-«)e'^^^ + a.(e^^M«). 

As a check on our solutions we note that we recover the results in (eqn 4.18) in the 
S = l^a = 2 case and we can also verify that with the above solutions ( |3.19|) , ( p.20|) for 
the gauge fields, the equation of motion for Vab is satisfied. The following notation for the 
field strengths will be more useful 

Fit = F!, + 5'^'i2-a)e^^^, (3.21) 

where -F^^ is the field strength in the supersymmetric case (i.e. as in (|3.19| ) but without 
the restriction on the vector multiplet index). We will comment on how this changes the 
conserved charges when we consider Maxwell's equation. 

Note with a = +2, all the variations in ( |2.6| ) and ( p.3| ) vanish, and thus will correspond 
to a BPS solution, which can be fully extended to the asymptotically flat region as in 0. 
In the next section we see whether the non-BPS solution to the modified variations ( |2.6| ) 
(with a = —2) is consistent with the two-derivative equations of motion to ( |2.1| ), beyond 
the near-horizon limit. 
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4. Equations of Motion 

We will compute Maxwell's equation and compare it (or a contraction of it) to the 
time-time component of Einstein's equation in the case of a prepotential gotten by reducing 
IID supergravity on K3 x T^. 

4.1. Maxwell's Equation 

The two derivative action is 

Co = -lD-^R + v'+Af(^D-^R + 3vA + 2Afiv^'Fl, 

Now we solve Maxwell's equation. First we need the electric fields (note below we use 
Fti = —Fit) for which we use ( |3.21| ) 

= AMiv^' + MijF'^^' 

(4.2) 

= g''g'\Mu-MiMj)F,\ 

= e^(^-^) (a,(e-2^M,) + e-2^^(2 - a)d,U^ 

If we now specialize to the K?> x prepotential using the following identities 

Mo = c^jM'M^, Mi = 2M^c^jM\ Afoo = 0, ^^o^ = 2c,jM\ Mj = 2M°Qj 
AToM" = 1, M^M' = 2, 

(4.3) 

we can obtain a relation on the moduli by contracting Maxwell's equation with the scalars 
(also multiply by e^^ to get rid of exponential factors) 

M^a,(v/^^l)e2^ = 

= M^V^TV} - (4V7VoM° + (2 + a)VAfjM^)VU 

+ [AM^ATo + 2aMW|)(Vf/)2 (4.4) 

- {2AfoM^ + aNjM^)V'^U 
= M^V^Afi - (2 - d)V[/M°V7Vo + 4(1 + a){VU)^ - 2(1 + a)V^U. 

Using the result M^Afi = const, we can rewrite ( [1.4|) 



= -l-AfijVM^VM^ - ^(2 - a)VUM^VAfo + 2(1 + a){VU)^ - (1 + a)V^U, (4.5) 
which we will compare below to the time-time component of Einstein's equation. 
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4-2. Einstein's equation 



The two-derivative Einstein equations can be written as 



(AT + 3) ( Rab - ^9abR ] - {VaVb " Qab) M 



+ fab - \gabC = (4.6) 



where C is the Lagrangian ( [4 .11 ) without the Ricci scalar and Chern-Simons terms 
C = -^DW+^^ + 3t;2^ +2^^Iv''^F^^,+^^IJ Qf/^^F^"^ - ^VaM^V'M^^ (4.7) 

and Tab is (sort of) the matter stress tensor 

djC 1 

^ (4.8) 
We wiU use the special geometry constraint = 1 valid at the two derivative level. 
Defining the usual Einstein tensor Gab = Rab — \gabR^ the time-time component of ( ^?^ ) 
for our general metric ( p.l|) is 

-Gu + fu - \gut = 

= -[-3{VUf + SV^f/] + (d^ + 2){VUf + (2 - 5)7VoVC/VM° - ^XijVM^VM'^ 

- \ {{o? + 2){yVf + (2 - a)AroVC/VMO] 
= --ATjjVM^VM'^ - SV^t/ + (-a^ + 4)(Vt/)2 + -(2 - a)AroVt/VM° 

(4.9) 

4-3. Summary 

In the case of the K3 x prepotential (|4.3|) , we see that Maxwell's equation ( ^4.9|) and 
a component of Einstein's equation ( [4.5|) are inconsistent unless ci = -t-2, which is the BPS 
solution found in . In the near horizon region a — —2 can also be a solution, because as 
we saw previously the near-horizon geometry still remains AdS; only f , D, and the relation 
between F^ and are changed. In these non-BPS solution for f,-D, and F were 
noticed to satisfy only a subset of the BPS equations ( pT6| ) with the paramter a = —2 
(resp. 5 = 3), and were consistent with the near-horizon equations of motion for the fields 
as indicated in (|3.11|) , (|3.13|) . Beyond the near-horizon region, the field configurations that 
make the variations in (|2.6|) vanish for a = —2 are not consistent with the equations of 
motion. 
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Instead we will see that the near-horizon non-BPS solution suggested in are gotten 
by taking the near horizon limit of a solution which is generated by a field transformation 
on the auxiliary two-form v and field strength F that leave the two-derivative action 
invariant, but still satisfy a = +2 . These field transformations will only coincide with 
taking a = —2 for the near horizon limits of v and F. 



5. Non-BPS solutions from Symmetries of Action 



In stationary non-BPS extremal BH solutions (generally rotating) at the two- 
derivative level are found for special cases of prepotentials. When considering a static 
BH in the case of the a K3x prepotential {M = M^\cijM^M^), the only difference 
between the BPS and non-BPS solution is the rotation of the charge vector; i.e., hipping 
the sign for the charge. Let us note that with this prepotential, hipping the sign for 
the go charge is a symmetry of the two derivative action ([4.1| ). Ignoring the CS term, the 
two-derivative action for this prepotential can be written as 



(5.1) 



Consider the following transformation 

F0_^ _ ^0^ ^' = + \UoF\ (5.2) 



which results in the following change in (|5.1D 



<5/:o = C^{v\-F'')-C^[v,F'^) = (AroM-Mo)F-F°+ ^ F^J\fo{3F^K + l2v). (5.3) 

Now note that the first term in ( |5.3| ) vanishes due to the properties of the assumed prepo- 
tential 

Afoi = 2cijM\ = 2M^CijM\ MqM^ = 1. (5.4) 

The second term vanishes identically at the two-derivative level since the EOM for D 
guarantees Af = 1. 

Flipping the sign of the charge really means changing the relationship between electric 
fields and the scalar moduli. Namely in the conventions of a non-BPS black hole 
solution for the above prepotential would be 

Fl = +d,{e^^M'), F^, = -a.(e2^M«). (5.5) 
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as opposed to ( |3.21| ) found by solving the system of first order Killing spinor equations 
( p.6| ) with general ol. In the special case of the K3 x prepotential, |T^ find a solution 
to the near-horizon field equations that corresponds to = and = —e^, for 
the two derivative case, which we see is exactly the near-horizon limit of ( ^.51) , and since 
this solution is generated by a symmetry of the action, it is perfectly consistent with the 
equations of motion. 

Interestingly the near-horizon limits of both the consistent ( ^.51) and inconsistent ( |3.21J ) 
gauge fields result in the non-BPS values {a = —2) for the auxiliary fields ( |3.14| ), when the 
prepotential is restricted to that of K3 x (^.31). Let us detail the calculation for / = 
multiplet gauge-field in the inconsistent solution ( |3.21| ), noting that in the near- horizon 
region — constant, and the metric takes the form ( |3.3| ) 



it 

r / 4 1 ^AfO 



Is \Mo r r 
2M^ 



(5.6) 



is 

where we have used that MqM^ = 1 from ( |4.3D and is = 2v\^'^ from ( ^.10] ). Note the 
same near horizon limit results for the consistent gauge field in ( ^.5|) . After reverting 
to curved indices the final result for the near-horizon limits for the both the consistent 
( p75|) and inconsistent (|3.21| ) gauge fields is 

F/; = -t;;/w, fo = +^;/^mo. (5.7) 

Using the field equation for the auxiliary two form 

Vit = -\miF'^, 

= -1z;;/'(MoMO - M|M^) (5.8) 

1/2 



we recover the a = —2 non-BPS near- horizon value for the auxiliary two-form ( |3.14| ). The 
result for the non-BPS auxiliary scalar D is related to the non-BPS auxiliary two-form 
Vti, by using the equation of motion for the hyper scalar D = 2v'^ — 3/27?., where TZ is the 
Ricci scalar of (|3.1|) (for a = +2, since the consistent solution ( |5.5|) result from symmetry 
transformations that do not affect the metric from it's BPS configuration). Taking the 
near-horizon limit recovers ( |3.14| ) for a = —2. 
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6. Conclusion 



In this note we considered a method to find non-BPS asymptotically flat black hole 
solutions to five dimensional Poincare supergravity coupled to multiple Abelian vectors and 
neutral scalars, based on the idea of violating some of the Killing spinor conditions of a 
theory with a larger symmetry group, namely superconformal supergravity. A priori, there 
is no reason such a method should result in a consistent solution, but we were motivated 
by the near horizon solutions found in |TH], which noticed such a partial violation of the 
superconformal Killing spinor constraints. However, our attempt to explicitly construct 
the asymptotically fiat solution beyond the near-horizon region, following the approach in 
, found inconsistencies with equations of motion of the two-derivative theory. 

In summary we note that the near-horizon non-BPS solution of [^, is not the result 
of solving the modified system of first order Killing spinor equations ( |2.6|) and then taking 
the near-horizon limit, but is really the near horizon limit of a non-BPS solution that is 
generated by a symmetry of the action for a special prepotential. It is not obvious that 
the symmetry transformation for the special prepotential holds beyond the two-derivative 
theory. For generic prepotentials, a systematic method for finding non-BPS solutions 
remains an interesting open problem. 
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